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4 Abstract: This paper presents a new predictive formula for the shear capacity evaluation of reinforced concrete members subjected to
5 combined axial, bending, and shear forces. The formula is based on a tensorial approach to concrete shear resistance that is very similar
6 to the one used in the shear-enhanced fiber beam element. The total shear resistance is decomposed4 into the contribution of concrete and
7 contribution of shear reinforcement. The concrete contribution to the shear resistance is calculated using a normal-shear stress failure
8 envelope. Normal (longitudinal) stresses are calculated from axial and bending forces acting on the concrete member. In the formulation,
9 a number of simplifications are made to keep the formula as simple as possible but still sufficiently accurate. The resulting formulation,

10 although capable of accounting for all of the major variables that influence the shear strength, including size effect, remains particularly
11 simple and with a compact notation. The predictions of the proposed formula are compared with those used in the ACI, EC25 , and Model Code
12 2010, and its accuracy is checked against a vast experimental database available in the literature. Results and comparisons are very encour-
13 aging and confirm the soundness of the underlying mechanical model. The capability of this model to provide a unified approach for re-
14 inforced and unreinforced members opens up the possibility to extend the application of the proposed formula to engineered cementitious
15 composites, such as fiber-reinforced concrete. DOI: 10.1061/(ASCE)ST.1943-541X.0001037.© 2014 American Society of Civil Engineers.

16 Author keywords: Reinforced concrete; Beams and columns; Shear failure; Design codes; New design formula; Concrete and masonry
17 structures.

18 Introduction

19 Shear capacity prediction of reinforced concrete (RC) beam and
20 column elements is attracting fresh and renewed interest among
21 researchers and practitioner engineers. With the 2007 version of
22 the EC26 code (UNI EN 1992-1-1:2007), significant changes were
23 introduced in the shear design formulae with respect to the 2003
24 version of the same code (UNI EN 1992-1-1:2003). Quite likely,
25 the current formulae will be changed again in the near future based
26 on the approach proposed by the Canadian school7 (Vecchio and
27 Collins 1986; Bentz et al. 2006). The guidelines have already been
28 set in the new Model Code 2010 (fib Bulletin 55 and 56)8 , where the
29 shear strength of reinforced concrete members is expressed with the
30 same formulae used currently in the Canadian code [National
31 Building Code of Canada (NBC) 2003].
32 Although design and verification of RC structures was framed
33 a few decades ago in the comprehensive, commonly accepted,
34 and well known theoretical and practical form9 (see the work of
35 Leonhardt and Mönnig 198410 ), when it comes to shear prediction,
36 there are still significant shifts in approaches and results. On the
37 other hand, due to the complexity of concrete behavior, numerical
38 modeling of RC elements has not fully consolidated yet. The scatter
39 of the results obtained with different models is still too large,

40and modeling is time consuming and complicated by RC peculi-
41arities such as strong anisotropy, nonhomogeneity, rebar inter-
42face, brittleness, etc. Even though the existing models—from
43monodimensional fiber elements (Petrangeli et al. 1999a, b) to
44more sophisticated two-dimensional (2D) and 3D models (Ožbolt
45et al. 2001; Ožbolt and Reinhardt 2002)—have significantly im-
46proved over the last decades, they mostly remain research tools,
47and as such are used to investigate the underlying mechanisms
48with only rare incursions in the dangerous field of capacity predic-
49tion, especially outside the forgiving atmosphere of the research
50laboratories.
51Meanwhile, an aging stock of RC structures is calling for a
52reliable and practical approach to the evaluation of their shear
53capacity. The prevailing formulae used in the design of new struc-
54tures often provide a too-gross approximation of the shear strength
55of existing structures, leading to uneconomical decisions when it
56comes to the evaluation of their safety and adequacy. Based on the
57numerical models developed by the authors, a rational approach to
58the shear capacity prediction is discussed and a new design formula
59is proposed. Despite a number of assumptions, which are intro-
60duced because of the complexity of the problem, it is demonstrated
61that the proposed formula provides consistent and accurate results
62over a wide range of RC member configurations.

63A Review of the Existing Formulae

64In current literature and design codes, diagonal shear resistance
65of RC structures is generally split into concrete and steel contri-
66butions. Total shear resistance is then found by adding the two
67contributions. Although this approach is shared by most of the
68proposed formulae and national codes, the resulting predictions
69for concrete members with and without shear reinforcement differ
70considerably from one to another.
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71 In the Model Code 2010, the shear resistance (VRd) is the
72 sum of the contributions of concrete resistance (VRd;c) and truss
73 mechanism (VRd;s):

VRd ¼ VRd;c þ VRd;s ð1aÞ
74 with

VRd;s ¼
Asw

s
· z · fywd · ðcot θþ cotαÞ · sinα ð1bÞ

75 in which Asw = the area of transverse (reinforcement) steel, z = the
76 internal lever arm, s = the longitudinal spacing of transverse
77 reinforcement, fywd = the transverse reinforcement yield stress,
78 θ = the inclination of the resulting compression force, and α =
79 the inclination of the stirrups relative to the beam axis, and

VRd;c ¼ kv ·

ffiffiffiffiffiffiffi
fck

p
γc

· z · bw ð1cÞ

80 in which fck = the cylinder characteristic compressive strength of
81 concrete (the value of

p
fck shall not be taken as greater than

82 8.0 MPa), γc = the partial safety factor for concrete material proper-
83 ties, and bw = the section width.
84 The Model Code provides three levels of approximations differ-
85 ing in the complexity of the applied methods and the accuracy of
86 the results. In level III, the higher one, steel and concrete contri-
87 butions depend on the average longitudinal strain at mid-depth
88 of the member (εx). The following formula is recommended:

εx ¼
MEd=zþ VEd þ 0.5NEd − Apfp0

2ðEsAs þ EpApÞ
ð1dÞ

89 in whichMEd = design value of the bending moment, VEd = design
90 value of the shear force, NEd = design value of the axial load, Ap =
91 the area of prestressing reinforcement, and fp0 = the stress in the
92 strands when the strain in the surrounding concrete is zero. Es and
93 Ep are the steel and prestressing steel modulus of elasticity.
94 The angle θ is assumed as a function of this average longitudinal
95 strain at mid-depth of the member:

θ ¼ 29°þ 7,000εx ð1eÞ

96 The11 value of εx shall not be taken to be less than −0.0002 and
97 greater than 0.003. So the value of θ can vary from 27.6° to 50°,
98 respectively.
99 In the last version of the Eurocode 2 (UNI EN 1992-1-1:2007)12 ,

100 concrete and transverse steel contributions are not added. Either the
101 concrete or the steel must be used for the design of new structures.
102 This rule modifies the prescription of previous versions where steel
103 and concrete contributions could be added. In members without
104 shear reinforcement, the shear resistance VRd;c design value is given
105 by the concrete contribution:

VRd;c ¼ ½CRd;c · k · ð100 · ρl · fckÞ1=3 þ k1 · σcp� · bw · d ð2aÞ
106 in which CRd;c = a factor defined as 0.18=γc, the size effect factor k
107 is calculated as k ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

200=d
p ≤ 2, ρl = the longitudinal

108 reinforcement ratio, k1 = a coefficient usually defined in the
109 National Annexes (k1 ¼ 0.15), σcp is calculated as σcp ¼ NEd=
110 Ac < 0.2fcd, and d = the effective depth of a cross-section.
111 For elements with shear reinforcement, design capacity is given
112 either by the concrete contribution or by the transverse steel con-
113 tribution13 VRd;s, found with the truss analogy as follows:

VRd;S ¼
�
Asw

s

�
· z · fywd · cot θ ð2bÞ

114in which the parameters are the same as those 14already defined for
115the MC2010 15formula, with cot θ comprised between 1 and 2.5.
116For loads applied at a distance a from the supports, with
1170.5d < a < 2.0d, the shear strength can be increased by a fac-
118tor β ¼ a=2d.
119According to ACI 318-05 16(American Concrete Institute 2005),
120the nominal shear strength (Vn) of non-prestressed members is the
121sum of the contributions provided by concrete (Vc) and shear
122reinforcement (Vs). Thus

Vn ¼ Vc þ Vs ð3aÞ
123
124For members subject to shear and bending only (without axial
125load), the concrete contribution term (Vc) can be calculated by
126either one of the following two equations:

Vc ¼ 0.167
ffiffiffiffiffi
f 0
c

p
bwd ð3bÞ

Vc ¼
�
1

6

ffiffiffiffiffi
f 0
c

p
þ 17ρ

Vud
Mu

�
bwd ≤ 0.29

ffiffiffiffiffi
f 0
c

p
bwd ð3cÞ

127in which Mu = the factored bending moment that occurs simulta-
128neously with Vu (the factored shear force), ρ ¼ As=bwd is the
129longitudinal reinforcement ratio (As = the area of longitudinal
130reinforcement), bw = the section web width, and f 0

c = the concrete
131compressive cylinder strength. When computing Vc by Eq. (3c),
132Vud=Mu shall not be taken to be greater than 1.0.
133When the factored shear force (Vu) exceeds the shear strength
134provided by concrete (i.e., Vu ≥ 0.75Vc), shear reinforcement
135must carry the excess shear. Shear reinforcement contribution is
136calculated with Eq. (3d). The formula is based on a modified truss
137analogy, in which it is assumed that shear cracks are inclined at
138an angle θ ¼ 45°

Vs ¼
Aswfydðsinαþ cosαÞ

s
≤ 0.66

ffiffiffiffiffi
f 0
c

p
bwd ð3dÞ

139in which Asw = the area of shear reinforcement (in millimeters
140squared 17), s = the longitudinal spacing of the transverse reinforce-
141ment (in millimeters), fy = the yield strength of the transverse
142reinforcement (in megapascals), and α = the angle between the
143inclined stirrups and the longitudinal axis of the member.

144The Mechanics of Shear Resistance

145From a mechanical point of view, a diagonal shear failure is of the
146brittle type and is always due to the failure of concrete, even when
147transverse reinforcement capacity (yielding) is attained. The con-
148tribution of shear reinforcement to shear resistance is indirect
149(passive), and is exerted on the shear critical volume of the concrete
150member through the following actions:
151• Generation of lateral compressive stresses due to passive
152confinement,
153• Increase of the axial compressive capacity, and
154• Increase of the shear-critical resisting zone of the concrete
155section.
156As a result of these actions, the shear strength of concrete
157increases, and so does the overall member shear resistance.
158In current design formulae, it is assumed a priori that the con-
159tribution of shear reinforcement can be fully exploited. However,
160this is possible only if the concrete can take up the additional in-
161ternal forces generated in shear reinforcement after concrete crack-
162ing. From experimental evidence on reinforced concrete members
163with passive confinement (e.g., concrete column under uniaxial
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164 compression), it is well known that concrete fails after yield-
165 ing of reinforcement. Similarly, concrete members with trans-
166 verse reinforcement reach their maximum shear capacity as soon
167 as transverse reinforcement yields. With reasonable design rules
168 (e.g., maximum allowable spacing of transverse reinforcement
169 bars, minimum diameter, minimum concrete quality, etc.), this
170 assumption is realistic and so has been assumed in the following.

171 The Proposed Formula

172 The proposed formula is based on the simplified mechanical model
173 of RC members under combined axial, bending, and shear forces
174 shown in Fig. 1. The model, and the formula that is coming out it18 ,
175 are based on the following assumptions:
176 • The concrete contribution to shear resistance is made of two
177 parts, a tensile-mode-I resistance (Vct) and a compressive-
178 mode-II component (Vcc), carried out by the section’s concrete
179 portion under compression.
180 • The transverse steel confining effect and its contribution to
181 the shear resistance play a role only once diagonal shear crack
182 (damage of concrete) develops. Therefore, the concrete tensile-
183 mode-I contribution of the entire concrete section to the shear
184 resistance cannot be added to that of the transverse steel (Vs).
185 • A beam or a column element subjected to a given load history
186 first exploits the concrete tensile-mode-I resistance of the entire
187 section until cracking develops, and thereafter exploits the
188 (transverse) steel contribution that adds to the concrete one
189 developed in the compressive zone only. Transition between
190 the cracked and uncracked state is out of the scope of this
191 formulation.
192 With reference to the model depicted in Fig. 1, the following
193 contributions to shear capacity can therefore be singled out.

194 Concrete Tensile-Mode-I Component

195 The concrete tensile-mode-I component is the tensile (cohesive)
196 part of the concrete contribution. This component decreases when
197 concrete cracks under bending develop. In slender elements, this
198 component is negligible because all of the mode-I capacity of
199 the concrete section is consumed by flexural cracking. In squat
200 elements instead, tensile resistance of concrete makes for a signifi-
201 cant portion of the shear capacity. We can therefore write this
202 component as follows:

Vct ¼
fct · Act

αR
ð4Þ

203in which Act = the section concrete area in tension, fct = the
204concrete tensile strength, and αR = the element aspect ratio
205(shear span=effective depth). If we assume the tensile strength
206(fct) to be roughly one-tenth of the uniaxial compressive
207strength (fcc), we can rewrite Eq. (4) as:

Vct ¼
0.1 · fcc · Act

αR
ð5Þ

208Note that, although tensile strength has been assumed to be 10%
209of uniaxial compressive strength, a more sophisticated relation can
210be used instead.
211It should be noted that the concrete tensile-mode-I component
212can be much higher than the concrete contribution used in most of
213the existing codes, but it decreases linearly with the element slen-
214derness and cannot be added to the transverse steel contribution.
215The concrete mode I component is the resisting mechanism that
216provides the required shear resistance in the majority of existing
217structures. Shear critical situations normally arise when members
218are damaged by direct tension or bending where this resisting
219mechanism becomes negligible. In cracked members, the loss
220of this concrete tensile-mode-I contribution is taken over by the
221transverse steel. However, a significant concrete contribution
222remains there, which is the one carried by the compressive-
223mode-II component over the uncracked portion of the section
224under compression.

225Concrete Compressive-Mode-II Component

226As long as compression forces act within the section, caused either
227by bending or by applied external loads, a significant amount of the
228shear capacity is provided by the portion of the concrete section
229in compression. Contrary to the tensile-mode-I contribution of
230concrete, where resistance becomes negligible for strains in excess
231of 5 × 10−4, the compressive-mode-II contribution can be added to
232the forces developed by transverse steel because relatively large
233deformations are attained in the compression zone before it bursts
234under combined axial and shear forces. Transverse steel does have a
235significant effect on this compressive-mode-II contribution because
236it increases the concrete resistance by introducing lateral confine-
237ment. This effect on ductility and resistance of the compression
238zone can be accounted for when defining the concrete properties
239needed to quantify this compressive-mode-II component. As far
240as the lateral confinement is concerned, this effect has been de-
241coupled and accounted for in the steel contribution as defined in
242the following paragraph.
243The failure domain of concrete under combined compression
244and shear short-term loading is depicted in Fig. 2. With a linear
245interpolation of the experimental results (Goode and Helmy 1967),
246and taking the unconfined shear strength of concrete (tensile-
247mode-I) equal to approximately 10% of the uniaxial concrete com-
248pressive strength, the following equation can be written:

τmax ¼ 0.10 · fc þ 0.10 · σc 0 ≤ σc ≤ 0.9 · fc ð6Þ

249Due to the creep-fracture interaction, for sustained load, Eq. (6)
250should be limited to σc ≤ 0.6 · fc. It is assumed that, when the
251compressive stress σc is greater than 0.6–0.9fc, the contribution
252of compressive-mode-II can be neglected, because concrete is
253too damaged and prone to failure under compressive stress alone,
254i.e., the compressive failure mode becomes dominant. These are
255very rare situations in which the concrete section is too small to
256bear the internal forces caused by combined axial, bending, and
257shear. These cases can be monitored and detected using the com-
258pression strut verification as proposed in Eurocode 2 and other

F1:1 Fig. 1. Schematization of the mechanical model for (a) uncracked
F1:2 section; (b) cracked section
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259 major international codes. In all the other situations, Eq. (6) pro-
260 vides a reliable and physically sound approach to the evaluation of
261 the concrete contribution.
262 If the left- and the right-hand side of Eq. (6) are multiplied by
263 the concrete section compression area Acc, it follows:

Vcc ¼ 0.10 · fc · Acc þ 0.10 · C ð7Þ

264 The compression force (C) acting within the section can be writ-
265 ten as the sum of the external axial load (N) and the compression
266 needed to balance the tensile forces in longitudinal steel (Ts):

C ¼ N þ jTsj ð8Þ

267 The most effective assumption is to take Ts equal to the longi-
268 tudinal capacity of rebars at yielding reduced by the utilization
269 factor of longitudinal main reinforcement Ψs:

Ts ¼ As;l · fy · ψs ð9Þ

270 with 0 ≤ Ψs ≤ 1.0. The evaluation of the compression component
271 due to bending would require an iterative procedure to predict Ψs
272 because bending and shear are coupled. To avoid such a compli-
273 cation and to keep the proposed formula explicit and simple, com-
274 pression due to bending can be calculated independently of the
275 shear capacity, i.e., Ψs ¼ 1.0. Obviously, this is a drastic simplifi-
276 cation; however, as will be demonstrated later, it does not lead to
277 dramatic loss of accuracy because of the following reasons:
278 • In the majority of everyday design applications, shear failure
279 will develop from flexural cracks where longitudinal rebars are
280 stressed close or beyond yielding. Assuming longitudinal steel
281 to be close to yielding is also consistent with assuming yielding
282 in transverse reinforcement. The two types of reinforcement
283 play a similar role in providing concrete with confinement (com-
284 pression) and limiting crack opening.
285 • There exist also brittle shear failures where longitudinal rebars
286 may be working at stresses that are significantly below yield
287 level, and consequently concrete cracks, at the onset of failure,
288 are small to negligible. In these cases, though, longitudinal re-
289 bars do provide some shear strength via dowel action. There-
290 fore, overestimating the internal tension/compression due to
291 the longitudinal rebars indirectly accounts for the dowel effect
292 developed by these elements. According to Eq. (6), in extreme
293 cases (Ts ≈ 0), the additional shear resisting force due to dowel
294 action is assumed to be 10% of the internal tension/compression
295 overestimation.
296 However, optionally, for more accurate prediction of shear re-
297 sistance, the aforementioned iterative procedure should be applied.

298Substituting Eq. (9) into Eq. (8) and again into Eq. (7), we can
299finally write

Vcc ¼ 0.10 · fc · Acc þ 0.10 · ðN þ As;l · fy · ψsÞ ð10Þ

300A simple and effective expression for Acc is the following:

Acc ¼
b · z
2 · αR

ð11aÞ

301in which b = the section width and αR = the element aspect ratio.
302A formula for Acc must take into account the size effect (Bažant
3031984; Ožbolt 1995). It is well known that slender RC beams with-
304out shear reinforcement fail in diagonal shear. As mentioned be-
305fore, this is a brittle failure mode, which is known to exhibit
306strong size effect on shear strength. From the fracture mechanics
307point of view, a geometry which fails in diagonal shear belongs to
308the category of the so-called negative geometries (Ožbolt 1995).
309As well known from nonlinear fracture mechanics (Bažant 1984;
310Ožbolt 1995), the size effect is significant in a broad range of size
311only if, before failure (maximum load, i.e., onset of unstable crack
312growth), there is a stable crack growth (negative geometry). For
313these geometries, the crack length at peak load is approximately
314proportional to the size of the element. Therefore, for such geom-
315etries, the size effect on the nominal strength can be predicted
316using Bažant’s size effect formula (Bažant 1984). According to
317this formula, small structures exhibit no size effect, whereas for
318larger structures, the size effect becomes stronger and the member
319strength approaches asymptotically the one predicted by linear elas-
320tic fracture mechanics (LEFM).
321In RC elements subject to coupled axial, bending, and shear
322forces, the relative size of the uncracked compressive zone Acc that
323transfers the shear stress decreases with increasing element size.
324Therefore, assuming the tensile-mode-I shear strength of con-
325crete to be a material constant, the nominal shear strength (shear
326resistance over the effective shear cross-section area) decreases
327with increasing beam size. Although the element size influences
328the tensile-mode-I response of the beams, it does not have a sim-
329ilar effect on the compressive-mode-II behavior. Experiments
330(Lehwalter 1988) and numerical simulations (Ožbolt 1995) indi-
331cate that shear failure of deep beams, which is controlled by
332compression-shear frictional resistance, exhibits very limited
333size effect on nominal shear strength. The experimental results
334(Lehwalter 1988) demonstrate that, for beams with span=depth¼ 2,
335the beams with depth >1 m exhibit almost no size effect on the
336nominal strength. Therefore, contrary to slender beams, deep RC
337beams with an aspect ratio (αR) smaller than approximately 2 do
338not exhibit significant size effect on shear resistance. These beams
339fail in the so-called compression-shear failure mode in which the
340compressive-mode-II resistance dominates.
341Based on the previous discussion, it becomes apparent that, for a
342shear design formula, the effect of size on shear resistance should
343be dependent on slenderness. Moreover, the effect of structural size
344on shear resistance should apply only to the compressive-mode-II
345part of the shear resistance, i.e., the first member of the right hand
346side of Eq. (10). The reason is due to the fact that the frictional
347component does not strongly influence size effect on the nominal
348strength. Therefore, in Eq. (10), the effective size of the compres-
349sive zone should be modified to account for the influence of
350member size. The expression for 19Acc (11) should be multiplied
351by the size effect factor η that is based on Bažant’s size effect
352formula here (Bažant and Yu 2005a, b): 20

η ¼ ð1 − ϕÞ þ λ · ϕ ·

�
1þ d

d0

�−1=2
ð11bÞ

F2:1 Fig. 2. Compression-shear failure domain (data from Goode and
F2:2 Helmy 1967)
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Table 1.23 Overview of the Evaluated Experimental Tests2425

T1:1 Investigator Year Number of spec. fck (MPa) b (mm) d (mm) a=d ρl (%) ρshear (%)

T1:2 Lehonardt and Walther 1962 4 30.0 190 270 2.80 2.47 0.41–0.59
T1:3 Bresler and Scordelis 1963 6 25.0 152–307 461–466 3.95–4.93 1.80–3.66 0.10–0.20
T1:4 Krefeld and Thurston 1966 20 15.7–48.5 254 456 4.00 2.22 0.06-0.16
T1:5 Bresler and Scordelis 1966 11 23.2–26.7 152–305 457–462 4.00 1.67–2.34 0.10–0.20
T1:6 Bahl 1968 4 25.0 240 300–1,200 3.00 1.26 0.15
T1:7 Rajagopalan and Ferguson 1968 3 27.0–34.0 151 265 4.20 1.70 0.20
T1:8 Placas and Regan 1971 19 12.8–48.1 152 272 3.36 0.98–4.16 0.14–0.84
T1:9 Swamy and Andriopoulos 1974 10 25.9–29.4 76 95–132 3.00–4.00 1.97–3.95 0.06–0.60

T1:10 Mattock 1984 3 25.0 150 315 3.00 2.60 0.24–0.47
T1:11 Mphonde and Frantz 1985 12 22.0–83.0 152 298 3.60 3.36 0.31
T1:12 Elzanaty et al. 1986 3 20.7–62.8 178 266 4.00 2.50–3.30 0.17
T1:13 Johnson and Ramirez 1989 6 36.4–72.4 304 538 3.10 2.49 0.79
T1:14 Anderson and Ramirez 1989 3 29.2–32.4 406 345 2.65 2.31 1.02
T1:15 Roller and Russell 1990 10 72.4–125.4 356–457 559–762 2.50–3.00 1.65–6.97 0.07–1.75
T1:16 Sarzam and AI-Musawi 1992 14 39.0–80.0 180 235 2.50–4.00 2.23–3.51 0.09–0.19
T1:17 Xie et al. 1994 5 41.0–103.0 127 198 3.00 4.54 0.49–0.78
T1:18 Yoon et al. 1996 9 36.0–87.0 375 655 2.80 0.06 0.35–1.00
T1:19 McGormley et al. 1996 12 35.3–56.7 203 419 3.27 3.03 1.20
T1:20 Kong and Rangan 1998 36 63.6–89.4 250 198–542 2.40–3.30 1.66–4.47 0.10–0.26
T1:21 Zararis and Papadakis 1999 9 20.8–23.9 140 235 3.60 0.68–1.37 0.30
T1:22 Karayiannis and Chalioris 1999 8 26 200 260 2.77–3.46 1.47–1.96 0.04–0.25
T1:23 Frosch 2000 2 36.6 457 851 3.00 1.00 0.04
T1:24 Angelakos et al. 2001 6 21.0–80.0 300 925 2.92 0.50–1.00 0.08
T1:25 Tompos and Frosch 2002 4 35.9–42.8 229–457 425–851 3.00 1.00 0.08–0.15
T1:26 Shah and Ahmad 2007 14 56.5 230 254 3.00–6.00 1.50–2.00 0.10
T1:27 Laupa and Siess 1953 6 14.0–30.7 152 305 4.90 1.9–4.1 —
T1:28 Moody 1954 22 15.4–41.2 152–178 305 2.85–3.41 1.60–2.37 —
T1:29 Feldman and Siess 1955 4 24.5–34.9 152 305 4.00–6.00 3.35 —
T1:30 Al-Alusi 1957 4 25.4–28.6 76 146 3.40–4.50 2.62 —
T1:31 Morrow and Viest 1957 14 21.1–96.1 152 337 3.49 3.34 —
T1:32 Hanson 1958 5 25.5–73.7 152 305 2.48 2.49–4.99 —
T1:33 Diaz de Cossio and Siess 1960 5 19.4–31.5 152 305 3.00–5.00 0.98–3.33 —
T1:34 Hanson 1961 5 20.9–30.9 152 305 4.95 1.25 —
T1:35 Leonhardt 1962 27 12.6–38.3 100–502 160–670 2.46–6.0 0.91–2.07 —
T1:36 Bresler and Scordelis 1963 3 22.6–37.6 305–310 556–561 3.80–6.77 1.81–2.73 —
T1:37 Mathey and Watstein 1963 9 23.5–30.6 203 457 3.78 0.47–2.54 —
T1:38 Krefeld and Thurston 1966 28 15.9–37.1 152–254 305–533 2.69–5.83 1.34–4.51 —
T1:39 Kani 1967 33 24.8–29.5 150–612 152–1,219 2.41–8.03 2.61–2.84 —
T1:40 Bhal 1968 8 22.0–28.1 240 350–1,250 3.00 0.63–1.26 —
T1:41 Rajagopalan and Ferguson 1968 10 23.7–36.6 152–311 311 3.8–4.3 0.25–1.73 —
T1:42 Taylor 1968 7 27.4–31.6 203 406 2.47–3.02 1.03–1.55 —
T1:43 Taylor 1972 5 20.9–27.3 200–400 500–1,000 3.00 1.35 —
T1:44 Aster and Koch 1974 9 19.9–31.1 1,000 281–794 3.65–5.50 0.42–0.91 —
T1:45 Hamadi 1976 3 22.0–30.3 100 400 3.37–5.90 1.08–1.70 —
T1:46 Reineck et al. 1978 3 25.5 500 250 2.5–3.5 0.79–1.39 —
T1:47 Walraven 1978 2 24.4 200 450–750 3.00 0.75 —
T1:48 Chana 1981 3 32.8–38.9 203 406 3.00 1.74 —
T1:49 Küng 1985 5 20 140 230 2.50 0.56–1.82 —
T1:50 Ahmad and Kahloo 1986 16 62.4–68.7 127 254 2.70–4.00 1.77–6.64 —
T1:51 Elzanaty et al. 1986 11 20.7–79.3 178 305 4.00 0.93–3.21 —
T1:52 Niwa et al. 1987 3 24.6–27.1 300–600 1,100–2,100 3.00 0.14–0.28 —
T1:53 Lambotte and Taerwe 1990 2 34.0–37.2 200 450 3.01 0.97–1.45 —
T1:54 Thorenfeldt and Drangshold 1990 16 51.3–92.8 150–300 250–500 3.0–4.0 1.82–3.24 —
T1:55 Remmel 1991 4 85 150 200 3.06–4.00 1.87–4.09 —
T1:56 Ruesch and Haugli 1991 3 23.0–24.2 90–180 134–302 3.60 2.65 —
T1:57 Hallgren 1994 19 31.1–86.2 150–163 232–249 3.57–3.66 2.17–4.10 —
T1:58 Scholz 1994 3 806–96.8 200 400 3.0–4.0 0.81–1.95 —
T1:59 Adebar and Collins 1996 6 46.2–58.9 360 310 2.88–4.49 0.99–3.04 —
T1:60 Hallgren 1996 3 85–92.4 262–337 240 2.6 0.57–1.05 —
T1:61 Yoon et al. 1996 3 36.0–87.0 375 750 3.23 2.85 —
T1:62 Grimm 1997 12 90.1–110.9 300 200–800 3.53–3.90 0.83–4.22 —
T1:63 Islam et al. 1998 17 26.6–83.3 150 250 2.90–3.94 2.02–3.22 —
T1:64 Kulkarni and Shah 1998 3 38.5–41.4 102 178 3.5–5.0 1.38 —
T1:65 Podgorniak-Stanik 1998 7 37.0–99.0 300 125–1,000 2.88–2.95 0.5–0.91 —
T1:66 Collins and Kuchma 1999 6 36.0–39.0 300 1,000 2.92 1.01 —
T1:67 Angelakos et al. — 7 21.0–80.0 300 1,000 2.92 1.01 —
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353 in which d = the effective beam depth in millimeters, d0 ¼ 300 mm
354 (characteristic depth), λ = a constant set to 1.65 based on data
355 fitting of experimental data, and ϕ = a function of the member
356 slenderness:

ϕ ¼ 1 − e−αR=1.5 ð11cÞ
357 For αR < 2, the influence of the size effect on the shear resis-
358 tance becomes small, and for αR > 2, it increases.

359 Transverse Steel Component

360 The effect of transverse steel on the member shear resistance can
361 be introduced either with a smeared (tensorial) approach or using

362the classic (vectorial) truss analogy. However, note that the truss
363analogy is considered here in the context of a load transfer mecha-
364nism and not as a dominant failure mechanism. In a reinforced con-
365crete beam, at the onset of shear cracking, the maximum tensile
366stress has reached the concrete tensile resistance, whereas stresses
367in the transverse direction are zero by definition. Longitudinal
368stresses vary depending on external bending and axial load, and
369depending on the fiber position with respect to the neutral axis.
370The maximum shear stress at onset of cracking that can be carried
371by each concrete layer within the section therefore depends on the
372concrete tensile resistance and the longitudinal stress.
373For sections without transverse reinforcement, cracking of
374concrete causes a progressive collapse of the section shear resis-
375tance with shear cracks propagating through the section height.
376For sections with transverse reinforcement, after cracking confining
377stresses develop as an effect of the stirrups confining action 21. For
378fibers with moderate crack opening, rotation of the principal direc-
379tions can also lead to a rebuild of tensile stresses. The increase in
380shear capacity at any given concrete layer that can be obtained
381thanks to the confining effect of the stirrups is significant.
382If we now assume that rebuild of tensile stresses is negligible,
383we can calculate the shear stresses in each concrete layer as a func-
384tion of the lateral confining stresses provided by transverse rein-
385forcement. Assuming that the maximum principal stress σ1 ¼ 0,
386the equation of Mohr’s circle can be written as follows:

ðσl − σtÞ2 − ðσl þ σtÞ2 þ 4τ 2lt ¼ 0 ð12Þ

387in which σl = the longitudinal stress and σt = the transverse stress 22.
388In a more compact notation, Eq. (12) can be written as

F3:1 Fig. 3. Shear strength as a function of aspect ratio αR (b ¼ 220 mm;
F3:2 d ¼ 360 mm; fc ¼ 40 MPa; ρl ¼ 2.5%)

F4:1 Fig. 4. Experimental versus predicted strength as a function of the aspect ratio for (a) proposed formula; (b) EC2; (c) MC2010; (d) ACI 318
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τ lt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσl · σtÞ

p
ð13Þ

389 The maximum compressive stress σ2 can then be written as

σ2 ¼ σl þ σt ð14Þ

390 The angle θ between the beam longitudinal axis and the princi-
391 pal (compressive) stress is

θ ¼ arctg

�
τ lt

ðσ2 − σtÞ
�

ð15Þ

392 Rearranging Eqs. (13)–(15), the shear stresses τ lt can be finally
393 written as

τ lt ¼ σt · cot θ ð16Þ

394If the lateral transverse stresses σt are assumed to coincide with
395the lateral confinement provided by the transverse steel per unit
396length (Asw):

σt;s ¼
Asw · fywd

Ac
ð17Þ

397We finally end up with an expression identical to the one found
398with the truss analogy because total shear force due to the steel
399contribution is equal to the shear stresses found with Eq. (16) multi-
400plied by the section concrete area Ac:

F5:1 Fig. 5. Comparison varying the concrete strength (b ¼ 220 mm;
F5:2 d ¼ 400 mm; αR ¼ 2.2; ρl ¼ 2.5%)

F6:1 Fig. 6. Experimental versus predicted strength as a function of concrete quality for (a) proposed formula; (b) EC2; (c) MC2010; (d) ACI 318

F7:1Fig. 7. Comparison varying the longitudinal reinforcement
F7:2(b ¼ 220 mm; d ¼ 360 mm; fc ¼ 40 MPa; αR ¼ 3.5)

© ASCE 7 J. Struct. Eng.
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Vs ¼ τ lt;s · Ac ð18Þ

401 Substituting Eq. (17) into Eq. (16) and again into Eq. (18),
402 we obtain

Vs ¼ fywd · Asw · cot θ ð19Þ
403 which represents the contribution of the reinforcement to the shear
404 resistance.

405 Total Shear Resistance of RC Members

406 Finally, adding up the contributions of tensile and compressive
407 zone of uncracked concrete members, the total shear resistance
408 reads

V tot;uncrk ¼ Vcc þ Vct ¼ 0.1 · fc ·

�
Acc þ

Act

αR

�

þ 0.1 · ðN þ As;l · fy · ψsÞ ð20aÞ
409
410For cracked members with and without transverse reinforce-
411ment, the total shear resistance can be calculated as

V tot;crk ¼ Vs þ Vcc ¼
�
Asw

s

�
· z · fywd · cot θ

þ 0.1 · fc · Acc þ 0.1 · ðN þ As;l · fy · ψsÞ ð20bÞ

412It should be noted that the previous formulae were developed
413and their parameters calibrated so as to provide the best fit with
414the average strength found in experiments. Their use for design
415purpose will need to introduce some sort of safety coefficient on
416the calculated strength. Discussion of this aspect is out of the scope
417of the current paper and should be the object of further studies and
418research.

419Verification of the Proposed Formula for RC
420Members

421The proposed formula is compared with experimental results
422of beams with and without shear reinforcement, chosen from
423among a vast database available in the literature (Table 1) (Roller
424and Russell 1990; Bresler and Scordelis 1963; Rajagopalan
425and Ferguson 1968; Krefeld and Thurston 1966; Swamy and
426Andriopoulos 1974; Elzanaty et al. 1986; Karayiannis and
427Chalioris 1999; Angelakos et al. 2001; Tompos and Frosch
4282002; Reineck et al. 2010).

F8:1 Fig. 8. Experimental versus predicted strength as a function of the longitudinal reinforcement for (a) proposed formula; (b) EC2; (c) MC2010;
F8:2 (d) ACI 318

F9:1 Fig. 9. Comparison varying the depth of beam (b ¼ 220 mm;
F9:2 αR ¼ 2.5; ρl ¼ 2%; ρshear ¼ 0.25%)
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429 Most of the tested specimens have a rectangular cross-section
430 but some have T or I sections. An investigation on the influence
431 of the section geometry on the shear resistance has been omitted
432 in this introductory work, but it should be noted that the proposed
433 formulae (20, a-b26 ) do account for enlargement of the compression
434 area. Comparisons are provided for the proposed, the EC2, the
435 MC2010, and the ACI formulations. The ratios of the experimental
436 strengths versus the predicted ones are plotted for each formula
437 as a function of aspect ratio, beam depth, concrete quality, and
438 longitudinal and transverse reinforcement ratios. Note that, in
439 the proposed formula, the utilization factor of longitudinal main
440 reinforcement is set to Ψs ¼ 1.0. Because, for each of the afore-
441 mentioned investigated variables, geometrical and material proper-
442 ties of beams in the test data are scattered in a broad range, a serious
443 statistical evaluation could not be performed, nor was one within
444 the scope of the present paper.
445 Before each comparison with the experimental data, the shear
446 strength predictions of the four formulae are plotted together for
447 comparison. These comparisons are carried out for a beam with a
448 rectangular section and a single layer of reinforcement in tension.
449 In each comparison, all beam parameters have been kept constant
450 except for the investigated one that has been used as an independent
451 variable within a reasonable range. In so doing, not all element
452 configurations (point along the curves) are shear critical; still, the
453 plots clearly show how each parameter influences the shear strength
454 prediction of the four different formulae.

455 Unreinforced Elements

456 Comparison is carried out starting with unreinforced elements.
457 The first parameter to be investigated is the aspect ratio. The pro-
458 posed formula exhibits a greater variability with respect to the other

459formulae 27(Figs. 3 and 4). This is confirmed by the test results in
460which the proposed formula seems to depict with greater accuracy
461the average strength over the entire range of aspect ratios.
462The second parameter analyzed is the concrete quality (com-
463pressive strength) (Figs. 5 and 6). The four formulae exhibit a
464similar dependency with comparable results for the EC2 and the
465proposed one 28.
466The third parameter analyzed is the longitudinal reinforcement
467ratio (Figs. 7 and 8). The proposed formula provides an increase in
468shear strength with increasing longitudinal reinforcement because
469it linearly increases the compressive-mode-II concrete contribution.
470As a matter of fact, the authors investigated the benefits of capping
471this compressive-mode-II contribution of concrete in highly rein-
472forced elements that tend to fail in shear before longitudinal steel
473capacity is attained. But longitudinal steel also increases shear
474strength through dowel action, especially in highly reinforced
475members with large diameter rebars that are not fully exploited in
476bending. All in all, the match with experimental data is reasonably
477good, and capping of the longitudinal rebar contribution has been
478omitted.

479Shear Reinforced Elements

480For shear reinforced elements, the first parameter to be investigated
481is the beam depth (Figs. 9 and 10). Only the proposed and the EC2
482formulae incorporate size effect provisions. Because the EC2 size
483effect component applies only to the concrete contribution, it does
484not affect members where the shear capacity is provided by the
485steel contribution (transverse reinforcement). A small but still
486clearly detectable size effect emerges from the test data, and the
487proposed formula seems to properly capture the trend.

F10:1 Fig. 10. Experimental versus predicted strength as a function of the beam depth for (a) proposed formula; (b) EC2; (c) MC2010; (d) ACI 318

© ASCE 9 J. Struct. Eng.

paola
Evidenziato
Eqs. 20a and 20b

paola
Evidenziato

paola
Evidenziato
change is correct

paola
Evidenziato
Eurocode 2 and the proposed formula.



P
R
O
O
F

O
N
L
Y

488 The second comparison for transversely29 reinforced elements is
489 based on the transverse reinforcement ratio (Figs. 11 and 12). All of
490 the proposed formulae make use of some sort of truss analogy, and
491 therefore the steel contributions of the four formulae are similar.
492 The superior data matching of the proposed formula with respect
493 to the other formulae30 is due to the other resisting components such
494 as concrete contribution and size.

495 Conclusions

496 In the present paper, the existing design formulas for prediction of
497 shear capacity of RC beam and column members are overviewed,
498 and the new formula is proposed. The proposed formula is based on

499a rational approach for the quantification of the concrete resistance
500in the shear critical zones of RC elements. In the formula, concrete
501shear resistance is calculated by partitioning the concrete contribu-
502tion in a tensile-mode-I part, exerted by the uncracked concrete sec-
503tion, and in a compressive-mode-II part, which also remains in
504cracked members and adds to the transverse steel effects that kick
505in when the section cracks under combined bending and shear.
506The compressive-mode-II contribution is the key feature of the
507proposed model because it depicts the real behavior of concrete
508members where significant shear forces are transmitted by the com-
509pression zone of the concrete section, as observed in the numerical
510modeling of these elements. The approach also allows for a simple
511and consistent introduction of the size effect via the modification of
512the compressive-mode-II contribution as a function of structural
513size and aspect ratio.
514Given the underlying sectional and layered approach, the for-
515mula may not be totally consistent when it comes to describing very
516brittle failures that take place long before bending capacity is at-
517tained. Nonetheless, despite a number of assumptions, the compari-
518son of the proposed formula with a vast database of experimental
519results demonstrates that the shear strength of beam column ele-
520ments is closely predicted over a wide range of available geometries
521and reinforcement configurations. Consistency of the formula is
522confirmed for both reinforced and unreinforced elements.
523Use of the proposed formula for design purposes will need
524to introduce one or more safety coefficients. Further studies and
525research will be required to calibrate these coefficients given the
526substantial differences introduced by this approach with respect
527to the existing formulations.
528To check in detail the critical assumption that the main
529reinforcement at shear failure yields, further numerical studies and
530comparisons with test data are required. Moreover, efficacy of the

F11:1 Fig. 11. Comparison varying the transverse reinforcement
F11:2 (b ¼ 220 mm; d ¼ 360 mm; fc ¼ 40 MPa; αR ¼ 2.8; ρl ¼ 2.2%)

F12:1 Fig. 12. Experimental versus predicted strength as a function of the shear reinforcement for (a) proposed formula; (b) EC2; (c) MC2010; (d) ACI318
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531 proposed formula with respect to elements subjected to significant
532 axial load, such as columns and post-tensioned beams, have to
533 be investigated. Also of interest is the application of the proposed
534 formulations to FRC31 and engineered cementation composites in
535 general.

536 Notation

537 The following symbols are used in this paper:
Ac538 =539 area of concrete cross-section;
Acc540 =541 area of concrete compression zone (chord);
Act542 =543 area of concrete tensile zone (chord);
Ap544 =545 area of prestressing reinforcement;

As;lðAsÞ546 =547 area of longitudinal reinforcement;
Asw548 =549 area of shear reinforcement;

bðbwÞ550 =551 section (web) width;
C552 =553 section compression (force);
d554 =555 effective depth;

Ec556 =557 modulus of elasticity of concrete;32
Es558 =559 modulus of elasticity of steel;

fcðfccÞ560 =561 concrete uniaxial compressive strength;
fck562 =563 characteristic value of fc;
fct564 =565 concrete uniaxial tensile strength;
fpo566 =567 stress in the strands when the strain in the

568 surrounding concrete is zero;33
fy569 =570 yield strength of longitudinal reinforcement;
fyd571 =572 design yield stress of longitudinal reinforcement;
fyw573 =574 yield strength of transverse reinforcement;
fywd575 =576 design yield stress of transverse reinforcement;

h577 =578 section depth;
k579 =580 factor that takes into account the size effect and is

581 equal to 1þpð200=zÞ;
MED582 =583 design value of bending moment;

NðNEDÞ584 =585 axial load;
s586 =587 spacing of shear reinforcement (center-to-center

588 spacing of items);
Ts589 =590 capacity of longitudinal reinforcement (Ts ¼ Asfy);

VED591 =592 design value of shear force;
VRd593 =594 design value of shear resistance;

VRd;C595 =596 design value of concrete shear resistance
597 contribution;

VRd;S598 =599 design value of steel shear resistance contribution;
z600 =601 distance from extreme the compression layer34 to the

602 centroid of longitudinal tension reinforcement;
α603 =604 angle between transverse reinforcement and the axis

605 of a member;
αR606 =607 element aspect ratio

608 (αR ¼ shear span=effective depth);
γc609 =610 partial safety factor of concrete;
εx611 =612 average longitudinal strain at mid-depth of the

613 member;
θ614 =615 angle between web compression and the axis of a

616 member;
ρl617 =618 ratio of (longitudinal) tension reinforcement

619 (¼ As=Ac);
σc620 =621 compressive stresses; and

τmax622 =623 maximum shear stress.
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